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Abstract 
Garrido, M.I. and F. Montalvo, Uniform approximation theorems for real-valued continuous 
functions, Topology and its Applications 45 (1992) 145-155. 
For a topological space X, F(X) denotes the algebra of real-valued functions over X and C(X) 
the subalgebra of all functions in F(X) which are continuous. In this paper we characterize the 
uniformly dense linear subspaces of C’(X) by means of the so-called “Lebesgue chain condition”. 
This condition is a generalization to the unbounded case of the S-separation by Blasco and Molt6 
for the bounded case. Through the Lebesgue chain condition we also characterize the linear 
subspaces of F(X) whose uniform closure is closed under composition with uniformly continuous 
functions. 
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1. Introduction 
For a completely regular space X, C(X) and C*(X) denote, respectively, the 
algebra of all real-valued continuous functions and bounded real-valued continuous 
functions over X. When X is not a pseudocompact space, i.e., if C*(X) # C(X), 
theorems about uniform density for subsets of C*(X) are not directly translatable 
to C(X). In [l], Anderson gives a sufficient condition in order that certain rings 
of C(X) be uniformly dense, but this condition is not necessary. 
In this paper we study the uniform closure of a linear subspace of real-valued 
functions and we obtain, in particular, a necessary and sufficient condition of uniform 
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density in C(X). These results generalize, for the unbounded case, those obtained 
by Blasco and Molt6 for the bounded case [2]. The approximation technique used 
by them (essentially the same as Tietze [9], Mrowka [7] and Jameson [6]) is also 
the starting point for us. 
In order to establish their results, Blasco and Molt6 define a new concept, the 
S-separation, which is a suitable debilitation of that of complete separation. Here, 
we introduce a parallel concept, namely the “Lebesgue chain condition”. From it 
we obtain our density theorem for linear subspaces of C(X). Following the same 
structure of [2], we define the “property C”. This property agrees in the bounded 
case with the property S of Blasco and Molto. But, although the property S permits 
to characterize the linear subspaces (of bounded functions) whose uniform closure 
is a ring or a lattice containing all the real constant functions, the property C does 
not permit such characterization in the unbounded case. Nevertheless, by means of 
the property C we shall be able to characterize the linear subspaces of F(X) = Rx 
whose uniform closure is closed under composition with uniformly continuous 
functions over R. This enables us to put some examples and to obtain some results 
such as the following, “every uniformly closed ring and lattice of real-valued 
functions containing all the real constant functions is closed under composition 
with a large class of continuous functions over R”. We shall show that such class 
contains C*(R) but, in general, it is not C(R) (Proposition 4.9 and Example 4.10). 
2. Uniform approximation for linear subspaces 
For a set X, F(X) (respectively F*(X)) denotes the class of all (respectively all 
bounded) real-valued functions over X. F(X) is a linear space by introducing 
pointwise addition and scalar multiplication. We let R be the set of real numbers, 
Q the rational numbers, Z the integer numbers, N the positive integer numbers 
and R =Ru (-00, CO}. Given f~ F(X) and a real number cry, we let L,,(f) = 
{x E x: f(x) s a} and L”(f) = {x E X: f(x) 2 a}. We refer to L,,(f) and L”(f) as 
the Lebesgue sets off: 
2.1. Definition. Let f be a function from F(X). A Lebesgue chain off we define 
as any countable cover {C,,}niz of X such that 
c, = {x E x: a,-, <f(x) < a,,,} 
and {~nlntL is a nondecreasing sequence in @ for which there exists r > 0 satisfying 
a” - (Y,_, 2 r provided CI,, is a real number. 
2.2. Definition. A set 9 of F(X) satisfies the Lebesgue chain condition for a function 
f if there exists k > 0 such that for every Lebesgue chain { Cn}niZ off there is g E 9 
such that [g(x) - n( < k when x E C,. 
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2.3. Proposition. Let 9~ F(X) a linear subspace over R and let f E F(X). If 9 
satisfies the Lebesgue chain condition forf; then f belongs to the uniform closure of 9. 
Proof. Let e > 0, a, = ne and let {Cn}niz be the Lebesgue chain off given by the 
sequence { LY,},,~. By hypothesis, there exists g E 9 with lg(x) - nl< k if x E C,. 
Consequently IEg(x) - en I< ek if x E C, and 
leg(x)-f(x)lcIsg(x)-enl+If(x)-enl<(k+l)e 
Since {C,),,, is a cover of X, then leg(x)-f(x)l<(k+l)e for every XEX and 
hence f E 8 (uniform closure of 9). 0 
A set 9~ F(X) S-separates the Lebesgue sets of a function f if for every S > 0 
and(Y<pthereexistsgE~suchthatO~g~l,g(L,(f))c[0,6]andg(L”(f))= 
[ 1 - 6, 11. If the above function g satisfies the less restrictive conditions -6 s g i 1 + 6, 
g(L(f))c[-&~l and g(LP(f))c[l-&l+~l, we shall say that 9 S’-separates 
the Lebesgue sets of J: 
The next proposition (proved in [4]) gives the equivalence, for the bounded case, 
among S-separation, Y-separation and Lebesgue chain condition. 
2.4. Proposition (Garrido and Montalvo [4]). Let 9~ F*(X) a linear subspace over 
I&! and let f E F*(X). The following conditions are equivalent: 
(a) 9 satisfies the Lebesgue chain condition forf 
(b) 9 S-separates the Lebesgue sets of,f: 
(c) 9 S-separates the Lebesgue sets of J: 
2.5. Corollary (Blasco and Molt6 [2]). Let 9~ F*(X) a linear subspace over R and 
let f E F*(X). Zf 9 S-separates the Lebesgue sets off then f can be uniformly 
approximated by members of 9. 
A zero-set (respectively a cozero-set) in a topological space X is a set of the form 
Z(f)={xEX: f(x)=O} (respectively coz(f)=X\Z(f)) with fe C(X). It is well 
known that countable intersection (respectively countable union) of zero-sets 
(cozero-sets) is a zero-set (cozero-set) (Gillman and Jerison [5]). 
2.6. Definition. We say that a countable cover {C,,},, z of X is a 2-finite cover if 
C,,nC,=P) when In-ml>l. 
2.7. Theorem. Let X be a topological space and let 9~ C(X) a linear subspace 
over R. The following conditions are equivalent: 
(a) 9 is uniformly dense in C(X). 
(b) For each countable 2-finite cover {Cn}ntL of X by cozero-sets there is h E 9 
with Ih(x)-nl<2 when XE C, (nch). 
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Proof. (a)*(b) Let {C,,}ntz be a 2-finite cover of X by cozero-sets and letf, E C(X) 
a nonnegative function with coz(f,) = C, for every n E Z. Put g, =fn/(Cntrfn). It 
is easy to check that {gn}niB is a partition of unity on X and coz(g,) = C,,. Now, 
let g = Cnta ng,. Since 9 is uniformly dense in C(X), then there exists h E 9 such 
that Ih - gl< 1. Thus h is the required function, because if x E C,, then 
I&) - nl= I%+,(X) -gti4(x)I s 1 
and hence Ih(x)-nl~Ih(x)-g(x)l+Ig(x)-nl<2. 
(b)*(a) It follows from Proposition 2.3 because, according to the hypothesis 
(b), 9 satisfies the Lebesgue chain condition for every f~ C(X). 0 
Remark. Obviously the number 2 in the above theorem can be replaced by any 
scalar k > 1. 
2.8. Examples. (1) Let X be an open set of R” and F= C”(X) = {infinitely 
differentiable functions over X}. By applying Theorem 2.7 we shall prove that 9 
is uniformly dense in C(X). 
It is well known that for every countable cover { Cn}nrL of X by cozero-sets, there 
exists a locally finite partition of unity {h,},,z on X, by functions of C”(X) 
subordinated to it [8]. Now, if C, n C, = 0 when In - ml > 1 and h = CnEL nh,, then 
it is easy to check that /h(x)-nl<2 ‘f 1 x E C,, and therefore 9 is uniformly dense 
in C(X). 
(2) Let 9 be the linear subspace of C(N) generated by the functions taking 
integer values. It is easy to prove that 9 is not C(N) and from Theorem 2.7 9 is 
uniformly dense in C(N). 
3. On a theorem of Anderson 
In [I], Anderson gives a sufficient but not necessary condition of uniform density 
for a divisible subring of C(X). A subring 9 is divisible in case that for every f E 9 
and n E iZ there is g E 9 such that f = ng. The proof of Anderson is very complicate 
and now we shall prove the same result as a consequence of Theorem 2.7, because 
this theorem remains valid when F is a linear subspace over Q, just in case of a 
divisible subring. Previously we need to state the following lemma. 
3.1. Lemma. Let X be a topological space and let {C,,}T=;=, be a 2-finite cover of X by 
cozero-sets. If 5 is a ring that S,-separates (completely separates) every pair of disjoint 
zero-sets in X (i.e., if 2, and Z, are disjoint zero-sets in X, there is f E 9 with 0 s f s 1, 
taking the values 0 and 1 on Z,, and Z, respectively). Then there exists a partition of 
unity {g,,}~+ on X by functions of 9 with coz(g,) c C,, for each n. 
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Proof. Firstly, according to these hypotheses, note that the sets D, = 
(l_G=” G)\C,+, , n =o, 1, f.. are zero-sets in X because D,, =nT==,+, (X\C,). Let 
g, E 9 with 0 s g, s 1, g,( Do) = 1 and g,( X\ C,) = 0. Obviously coz( g,) c Co. 
Assume that g,, g, , . . . , g,,_, has been constructed in 9 such that go(x)+. . -+ 
g,_,(x)=1whenxED,_,andcoz(g,)cCi(i=O,...,n-1).LetuE~withO~u~ 
1, u(D,) = 1 and u(X\u:=, C,) =0 and define g, = u-u C:Ii gi. It is clear that 
g,, E 9, coz(g,)c C,, because g,,(x) f 0 when u(x) # 0 and 1::; g,(x) # 1 and 
C:=,g,(x)=l whenxED, becauseC:=,g,(x)=u(x)+(l-u(x))Cyii g,(x). In this 
way, the sequence {g,}zZ^=o is a partition of unity on X with coz(g,) c C,,. Cl 
A cover 9 of X is a star-finite cover if and only if each member of 9 meets at 
most finitely many members of 9. 
3.2. Theorem (Anderson [ 11). Let X be a topological space and let 9 be a divisible 
subring of C(X) which satisjies: 
(i) 9 S,-separates every pair of disjoint zero-sets in X. 
(ii) For every sequence { fn}T=,, f o nonnegativefunctions in Ssuch that {coz(f,)}~E’=o 
is a star-jinite cover of X, CT=:_, f E 9. 
Under these conditions 9 is uniformly dense in C(X). 
Proof. Let {Cn}ntL be a 2-finite cover of X by cozero-sets. Applying the previous 
lemma to the 2-finite covers of X by cozero-sets: 
(1) Cl=Uk-_OCk and Ck=C,, (n>O), 
(2) C,” = lJkZO C, and Ci = C, (n > 0), 
we obtain two partitions of unity {u,,},~” and {v,,},,~ on X by functions of 9, with 
coz( u,) c CL and coz(v,) c Cz for every n. From (ii), the functions g, = u~+C,~,, nu, 
and g2 = VO+C,,~,, nv, belong to 9 and then h = vOg, - u0g2 is also in 9. 
This function h satisfies Ih(x)- nls 1 if x E C, (n EZ). If XE C, with n > 0, 
then u,(x)=O, u”(x)=1 and h(x)=(n-l)u,_,(x)+nu,(x)+(n+l)u,+,(x)= 
n + u,,+,(x) - u,_,(x). Similarly when x E C, with n G 0. 0 
Remark. The conditions in the above theorem are not necessary. For instance, if 9 
is the set of all the functions in C(W) which have a derivate in all but finitely many 
points of R, then 9 is a divisible subring uniformly dense in C(W) but 9 does not 
satisfy the hypothesis (ii) in the theorem. 
4. Characterization of the Lebesgue chain condition. The property C 
In the following proposition we give a useful characterization of the Lebesgue 
chain condition. 
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4.1. Proposition. Let 9~ F(X) a linear subspace over R and let f E 9. Thefollowing 
conditions are equivalent :
(a) !9 satisjies the Lebesgue chain condition forJ: 
(b) cp of E 9 for every uniformly continuous and monotonic function cp over R. 
(c) cpof E Bfor every uniformly continuous function cp over R. 
Proof. (a)*(b) Let cp be a uniformly continuous and monotonic function over R. 
Let I = q(W) and suppose, for instance, that cp is nondecreasing. From the hypothesis, 
9 satisfies the Lebesgue chain condition for f and for some k > 0. By Proposition 
2.3, in order to prove that cpof E 3 it is enough to show that 9 also satisfies the 
Lebesgue chain condition for cpof with the same k. Let { C,,}nEz be a Lebesgue chain 
for cpof given by the sequence {cY,},,~~. For every n E Z choose /3,, E E such that 
&&) = a?i if (Y,EI, &,=-CO if a,,EI and cz,dinfI and pn=a if a,.@I and 
LY, 2 sup I. Now, the sequence {/3,1},1ir s nondecreasing and it defines a Lebesgue 
chain {C~},,,, for f: Indeed, if r> 0 is such that (Y, -a,-, 2 r when a,, is a real 
number, then by the uniform continuity of cp there exists s > 0 with Pn - Pn_, 1 s if 
P,, is a real number. 
By (a), there exists g E 9 with lg(x) - n/C k if x E CL. Since Ci 2 C,,, it follows 
that 9 satisfies the Lebesgue chain condition for cpof with the same k and hence 
fpOfE% 
(b)+(a) Let k > 1 and let { Cn}ntL be a Lebesgue chain for f given by the sequence 
{(Y,},~~ (thus, for some r>O, a, -a,_ 1 2 r when cy, is a real number). If for every 
n E Z, a, = *CO, let p be such that (Y,, = -00, a,,+, = cc and take h(x) = p + $ for every 
x E X. By hypothesis h E 9 and trivially Ih (x) - n I< 1 if x E C, (n E Z). Otherwise, 
if any member of the sequence {LY,,},,~= is a real number, then for t E (a,, a,,+,] we 
define (see Fig. 1) 
+ n, if (Y, and a,,+, are real numbers, 
if (Y, = -co, 
In, if (Y,,+~ =00. 
Fig. 1. 
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Thus (p is a nondecreasing function over R and (p((cr,,, cy,,+_,]) c [n, n + l] for every 
n E Z. On the other hand, it is easy to see that ]q( t) - q( t’)] G (l/ r)jt - t’] and therefore 
cp is a uniformly continuous function. From (b) the function ?I = (~of belongs to @, 
and the properties of q imply that /h(x) - n/ =G 1 if x E C,,, (n EZ). 
Thus, as in the case that every LY,, is a nonreal number, or in the other case, there 
is h E 4 with /h(x) - n/s I if x E C,, (n E Z). Finally, if g E s@^ satisfies l/z -g/ < k - 1, 
then jg(x) - n/ < k if x E C,, (n E h). 
(b)@(c) It is enough to prove (b)+(c). Since $ is a uniformly closed linear 
subspace, then from (b) it follows that q0.f~ 4 for every q in the uniformly closed 
linear subspace of C(R) generated by the set of all uniformly continuous and 
monotonic functions. But this linear subspace is the set of all uniformly continuous 
functions over R, as we shall see in the following lemma. c! 
Remark. In the above result we have implicitly shown that if 9 satisfies the Lebesgue 
chain condition for j’ with some constant k, then 9 also satisfies this condition for 
every constant k > 1. 
4.2. Lemma. Let 42 be fhe set of‘all ~n~f~r~ly ~onfi~uo~s~incfio~.~ over R and let 9 
be the linear s~bsp~ce gf‘COR) generated by r~~e~~rlcfio~s iti % sluice are ~nai~ofo~~c. 
Then B = % 
Proof. It follows at once that % is uniformly closed (if f~ @ and E > 0 let g E % 
with If-g/ < ~13 and 6 > 0 such that /g(t) - g(r’)j < ~/3 when /f - f’/ < S then lf( f) - 
j’(t’)l < F if It - t’j < 6) and hence 9~ %. Conversely, if ,fg %! and F > 0, let 8 > 0 
be such that It - t’/ =S 8 implies /f(f) -f( (‘)I s a/2. Consider the function g :R -+I% 
defined by 
Thus, g is the polygonal which connects the points of R8’ (pS,f(pGf), p E Z, and 
therefore its restriction to the interval [pS, (p+ 1)6] is a straight line with slope 
mp = (.f‘(( p+ 1)6) -.f(p&))/S and /m,,j < &/(2S). Now, it is obvious that for every 
r, t’~ R, jg(t) -g(t’)/ G (e/(26))lt - ?‘I and hence g is uniformly continuous. More- 
over g belongs to :? because the function g,(t) = g(t) + (~/(26))t is nondecreasing. 
Finally, it is easy to prove that lg-.f(< F and this completes the proof. 0 
4.3. Definition. A subset 9 of F(X) has the property C, whenever ,9 satisfies the 
Lebesgue chain condition for every f~ 9. 
From Proposition 4.1 or also from Theorem 2.7, it follows that every linear 
subspace which is uniformly dense in C(X) has the property C. In the next theorem 
we shall see that the Lebesgue chain condition characterizes the uniform closure of 
linear subspaces with the property C. 
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4.4. Theorem. Let 9~ F(X) a linear subspace over R with the property C and let 
f E F(X). Then f E 4 if and only if 9 satisfies the Lebesgue chain condition for f 
Proof. The sufficiency follows from Proposition 2.3. Conversely, 1etfE @. According 
to Proposition 4.1, if {fn}nEN is a sequence in 9 which converges to f and cp is a 
uniformly continuous function over [w, then cp ofn E 9 for every n E N. From the 
uniform continuity of cp, it follows that the sequence {cpOfn}ntN must converge 
uniformly to cpof and hence cpof E % Again, from Proposition 4.1, 9 satisfies the 
Lebesgue chain condition for f: 0 
4.5. Theorem. Let 9~ F(X) a linear subspace over R. The following conditions are 
equivalent: 
(a) 9 has the property C. 
(b) $is closed under composition with uniformly continuous and monotonicfunctions 
over R. 
(c) 9 is closed under composition with uniformly continuous functions over 18. 
(d) 4 has the property C. 
(e) There exists k > 0 such that 9 satisfies the Lebesgue chain condition for every 
f E 9 and with the same k. 
Proof. It follows at once from Theorem 4.4, Proposition 4.1 and the Remark after 
Proposition 4.1. 0 
As in [2], we say that 9~ F(X) has the property S whenever 9 S-separates the 
Lebesgue sets of every f in 9. 
4.6. Corollary (Blasco and Molt6 [2], Mrowka [7]). Let SC F*(X) be a linear 
subspace over R. The following conditions are equivalent: 
(a) 9 has the property C. 
(b) 9 has the property S. 
(c) 9 is a linear sublattice containing all the real constant functions. 
(d) 4 is a subring containing all the real constant functions. 
(e) @ is closed under composition with continuous functions over R. 
Proof. From Proposition 2.4, (a) is equivalent to (b). The equivalence among (c), 
(d) and (e) has been proved by Mrowka [7]. From Theorem 4.5, (e) implies (a). 
Finally (a) implies (c), because if 9 has the property C, then 4 is closed under 
composition with all the real constant functions and with the function cp( t) = ItI 
(t E R) (Theorem 4.5). 0 
For the unbounded case, most of the results in the above corollary are not true. 
Next, we shall compare the property C with the other conditions. (See [3] for more 
details). 
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It is very easy to prove that (a) always implies (b), but the converse is not true. 
From Theorem 4.5 it follows that (a) implies (c), but the converse is again not true. 
Moreover (a) does not imply either (d) or (e), (d) does not imply (a) and obviously 
(e) implies (a). The following examples prove all these assertions. 
4.7. Examples. (1) The linear subspace 9 of C(R) generated by C*(R) and the 
identity function is uniformly closed, it has the property S because it contains C*(R) 
but it has not the property C. (For instance, the function g(x) = 1x1, x E CR, is not in 
9.) So 9 satisfies (b) but not (a). 
(2) The set of all the uniformly continuous functions over R is a uniformly closed 
linear subspace with the property C, but it is not a subring. (For instance, the 
function g(x) =x1, x E R, is not in 9.) 
(3) The set of all the polynomials over R is a uniformly closed subring and it 
has not the property C. Since this set contains the identity function, if it has the 
property C then it must contain all the uniformly continuous functions (Theorem 
4.5), but obviously that is not true. 
(4) The set 9 of all functionsfE C(R) for which there exists a straight line ax + b 
with lim,,,(f(x) -(ax+ b)) = 0, . IS a uniformly closed linear sublattice containing 
all the real contant functions and it has not the property C. (For instance, the 
function g(x) = x”’ for x ~0, g(x) = 0 for xs 0, is uniformly continuous and g 
does not belong to 9.) 
Examples 4.7(3) and (4) show that for 9 being a uniformly closed linear subspace 
containing all the real constant functions neither being a ring nor a lattice is enough 
to conclude that F has the property C. Now, we shall prove that both of these 
conditions imply that 9 has the property C. For this we need the next lemma. 
4.8. Lemma. If cp is a uniformly continuous function over R and t, E R, then there exist 
two straight lines a, t •t b, and a,t + b, such that cp( t) s a, t + b, if t 2 t, and cp( t) > 
a,t+b, if t< t,. 
Proof. Clearly, we can suppose t,=O. From the uniform continuity of cp and for 
~=l there exists 6>0 such that lt-t’[<6 implies Iv(t)-cp(t’)lsl. 
If ta0, there is a ~GN with p6sts(p+1)6 and therefore cp(t)G_cp(p6)+1< 
(p((p-l)6)-t2G.. .<cp(O)+(p+l). Similarly, if ts0, there is qEN with 
-(q+l)S<ts-q6 and p(t)acp(O)-(q+l). 
Thus, the straight lines (1/6)t+cp(O)+l and (l/s)t+cp(O)-1 satisfy the 
lemma. 0 
4.9. Proposition. If the uniform closure of a linear subspace 9 of F(X) is a subring 
and a sublattice containing all the real constant functions, then 5 has the property C. 
Proof. Since 9 has the property C if and only if g has the property C (Theorem 
4.5), then we can suppose that 9 is also uniformly closed. Denote 9 the set of the 
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functions cp E C(R) such that cpof E 9 for every f E 9. 
9 has the property C if and only if 2 contains the set 
functions. Firstly, note that dip inherits the algebraic 
from 9. Moreover, 
According to Theorem 4.5, 
of all uniformly continuous 
and topological properties 
(1) 9 contains the polynomials. This is clear, because 9 is a subring containing 
all the real constant functions and the identity function. 
(2) d;p contains the polygonals with a finite number of vertices. Indeed, since 9 is 
a sublattice containing the polynomials, then the polygonals with one vertex are in 
9 because they are the supremum or the infimum of two lines. An easy induction 
(on the number of vertices) shows that 9 also contains all the polygonals with a 
finite number of vertices. 
(3) 6p contains the continuous functions with compact support. This is an easy 
consequence of the above paragraph and of the classic Kakutani-Stone theorem. 
(This theorem provides conditions of uniform density for sublattices of continuous 
functions over a compact space.) 
(4) Zcontains C,(R) (i.e., the set of all continuous functions vanishing at infinity). 
It is enough to note that C,,(R) is the uniform closure in C(R) of the set of all 
continuous functions with compact support. 
(5) ._Y contains the uniformfy continuous functions. By Lemma 4.2 it is sufficient to 
prove that if cp is uniformly continuous and monotonic (for instance nondecreasing), 
then p E 2’. As in the above lemma, let to E R, and let a, t + b, and a,t + 6, be such 
that q(t,,)~cp(t)~a,t+b, if tzt, and p(t,,)scp(t)aa2t+b2 if Tut”. Then 
dtd<cpOsv+b, 
1+t2 1+t- 1+t” 
if t 2 t,, , 
cp(to)>~/w+b, if t< t 
1tt' 1+t- 1 + t2 
1 0. 
This implies that the function 9(t) = cp( t)/(l+ t2) belongs to C,,(R), and hence 
cp E 2, because it is the product of a function in C,,(R) and a polynomial. 0 
Throughout the above proof we have also shown that every uniformly closed 
subset of F(X) which is a subring and sublattice containing all the real constant 
functions is also closed under composition with a large class of continuous functions 
over R. For instance, it is closed under composition with polynomials, with functions 
in C,,(R), with uniformly continuous functions,. . . , and also with all bounded 
continuous functions, because if cp E C*(R), then cp can be written like the product 
of the function cp(t)/(l+ t’) E C,(R) and the polynomial 1+ t2. But this large class 
of functions is not necessarily C(R), as we shall prove in the next example. 
4.10. Example. Let B be the subset of C(R) defined by 
9= i J;p,: J E C,(W) and pi a polynomial, i = 1, . 
r=, 
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(1) 9 is the subring of C(R) generated by C,(R) and the set of all the polynomials. 
It is easy to check that 9 is a subring containing C,(R). Moreover, if p(x) is a 
polynomial we can write 
P(X) 
p(x)=(l+x’)(p’(x)+l) 
(l+x~)(pZ(x)+l) 
and therefore p(x) is the product of a function in C,,(R) and a polynomial. 
(2) 9 is a sublattice. If f E 9, then 
If I(x) = If(x)I (l+x’)(f2(x)+l) (1+x’)(f*(x)+1). 
Thus (fl E 9, because it is also the product of a function in C&R) and another 
function in 9. 
(3) 9 contains C*(R). Again, by the same argument, if f~ C*(R), then f E 9, 
because f(x) = (_/(x)/(1 +x’))(l fx’). 
(4) 9 is uniformly closed. Let {fn}nFN be a sequence in 9 which converges to J 
There exist v EN such that f-J;, is a bounded function and so f~ 9 because 
.f= (f-J,)+6 
We have proved that 9 is a uniformly closed subring and sublattice containing 
all the real constant functions, but obviously 9 is not C(R) (for instance, h(x) = e‘ 
is not in 9). Since 9 contains the identity function then 9 cannot be closed under 
composition with all continuous functions over R. 
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